Brownian motion is widely used as a model of diffusion in equilibrium media throughout the physical, chemical and biological sciences. However, many real-world systems are intrinsically out of equilibrium owing to energy-dissipating active processes underlying their mechanical and dynamical features 1 . The diffusion process followed by a passive tracer in prototypical active media, such as suspensions of active colloids or swimming microorganisms 2 , differs considerably from Brownian motion, as revealed by a greatly enhanced diffusion coefficient 3-10 and non-Gaussian statistics of the tracer displacements 6, 9, 10 . Although these characteristic features have been extensively observed experimentally, there is so far no comprehensive theory explaining how they emerge from the microscopic dynamics of the system. Here we develop a theoretical framework to model the hydrodynamic interactions between the tracer and the active swimmers, which shows that the tracer follows a nonMarkovian coloured Poisson process that accounts for all empirical observations. The theory predicts a long-lived Lévy flight regime 11 of the loopy tracer motion with a nonmonotonic crossover between two different power-law exponents. The duration of this regime can be tuned by the swimmer density, suggesting that the optimal foraging strategy of swimming microorganisms might depend crucially on their density in order to exploit the Lévy flights of nutrients 12 . Our framework can be applied to address important theoretical questions, such as the thermodynamics of active systems
, differs considerably from Brownian motion, as revealed by a greatly enhanced diffusion coefficient [3] [4] [5] [6] [7] [8] [9] [10] and non-Gaussian statistics of the tracer displacements 6, 9, 10 . Although these characteristic features have been extensively observed experimentally, there is so far no comprehensive theory explaining how they emerge from the microscopic dynamics of the system. Here we develop a theoretical framework to model the hydrodynamic interactions between the tracer and the active swimmers, which shows that the tracer follows a nonMarkovian coloured Poisson process that accounts for all empirical observations. The theory predicts a long-lived Lévy flight regime 11 of the loopy tracer motion with a nonmonotonic crossover between two different power-law exponents. The duration of this regime can be tuned by the swimmer density, suggesting that the optimal foraging strategy of swimming microorganisms might depend crucially on their density in order to exploit the Lévy flights of nutrients 12 . Our framework can be applied to address important theoretical questions, such as the thermodynamics of active systems 13 , and practical ones, such as the interaction of swimming microorganisms with nutrients and other small particles 14 (for example, degraded plastic) and the design of artificial nanoscale machines 15 .
A passive tracer immersed in a fluid at equilibrium moves randomly owing to its collisions with the surrounding fluid molecules. Understanding how the stochastic process of the tracer relates to the statistical mechanics of the surrounding fluid, as described in the seminal works by Einstein, Smoluchowski and Langevin 16 , has provided insight into the connection between molecular transport and equilibrium thermodynamics, which has been widely exploited to describe soft matter and other complex physical systems 17 . However, when either artificial self-propelled colloids or biological swimming microorganisms (for example, bacteria such as Escherichia coli and algae such as Volvox and Chlamydomonas reinhardtii 2 ) are also suspended, the diffusion of the tracer changes dramatically as a consequence of the active stirring of the fluid by the swimmers. Indeed, empirical data show the following unique features that cannot be explained as a Brownian motion: (i) the tracer exhibits loopy trajectories 4, 8, 9 ; (ii) the mean-square displacement (MSD) of the tracer shows a crossover between superdiffusion with a characteristic scaling of t α (1 < α ≤ 2) for short times t and normal diffusion (α = 1) for long times, where the effective diffusion coefficient D e is greatly enhanced compared with the equilibrium coefficient D 0 (D e = D 0 + Bρv A , where ρ is the density of swimmers, v A is the characteristic swimming velocity and B is a systemdependent parameter) [3] [4] [5] [7] [8] [9] ; (iii) the probability density function P Δt of tracer displacements in a given time interval Δt exhibits strong non-Gaussian features that are manifest as power-law tails 6, 10 ; (iv) P Δt eventually reverts to a Gaussian shape for large Δt (refs. 9, 10 ); (v) the associated non-Gaussian parameter (NGP) shows a characteristic scaling of Δt −1 for large times 10 . Developing a single theory that captures all features (i)-(v) has been a major challenge. Although the loop-like motion (i) results from an individual scattering event of the tracer in the dipolar flow field of a single swimmer 7, 18, 19 , and the linear form of D e (ii) has been explained phenomenologically on the basis of the active flux ρv A of the swimmers 5, 7, 8, 19, 20 , the statistical observations (iii)-(v) have not been explained consistently so far. The power-law tails in P Δt and their convergence to Gaussian scaling for large Δt, which is expected on the basis of central limit theorem (CLT) arguments 21, 22 , have been reproduced in refs. 10, 23, 24 by assuming a static force distribution akin to the Holtsmark theory of gravitating particles 25 (see Supplementary Information section VI C for a review). However, this approach neglects any dynamics of the swimmers and is therefore not sufficient to capture the enhanced diffusion observed in experiments [3] [4] [5] [6] [7] [8] [9] [10] . Here we present a derivation of the stochastic process underlying the tracer diffusion from the microscopic hydrodynamic interactions. The resulting process is valid at all timescales and captures all characteristic features (i)-(v).
We consider a three-dimensional system composed of m active particles (swimmers) and a passive tracer suspended in a viscous fluid inside a cubic box of side length L (see Fig. 1a ). The swimmers are assumed to be self-propelled, moving unidirectionally with constant velocity v A (ref. 26 ). In general, the dynamics of such a multi-particle system with longrange hydrodynamic interactions is analytically intractable. However, suspensions of microorganisms often considered in experiments are characterized by (a) slow swimming, such that the fluid is in a regime of low Reynolds number, and (b) a low density of swimmers (dilute condition; see below). In particular, the dilute condition (b) allows us to neglect the mutual hydrodynamic interactions of the swimmers 27 , leading to the overdamped equations of motion:
where F is the force on the tracer generated by a single swimmer and Γ is a viscous coefficient for the passive particle. In equation (1), x i (t) and X(t) denote the positions of the ith active particle and the passive particle, respectively, and the unit vector n i specifies the swimming direction. The low Reynolds number condition (a) further yields a closed-form expression for F as the solution of the Stokes equation. For force-and torque-free swimmers, the leading-order term in a far-field expansion is a dipole force
where r i is the difference vector, r i = x i − X, and d is a system specific cut-off, which separates the far-flow field from any near-flow-field hydrodynamic contributions and hard-core interactions. The dipole strength parameter p specifies the universal features of the far-flow hydrodynamic field 26 : p < 0 denotes 'pusher' swimmers, whose flow lines are oriented outwards along the direction of their velocity vector and inwards laterally (for example, E. coli 26 ); p > 0 denotes 'puller' swimmers, whose flow lines are oriented in the opposite directions (for example, C. reinhardtii 26 ). For r i ≤ d the interaction force F is not universal, but system-specific. Nevertheless, all swimmer-tracer interactions in this regime can be accurately captured using arguments based on the CLT, which do not require a detailed form of F. Therefore, for simplicity we set F = 0 in this regime 10 . The model has one further length parameter,
A , which can be related to the typical length scale of the swimmers 26 . All these parameters can be determined experimentally: for E. coli, v A ≈ 30 μm s −1 , d ≈ 6 μm and b* ≈ 2 μm (refs. 5, 27 ) and for C. reinhardtii, v A ≈ 100 μm s (1), (2) under the dilute condition reproduce all features (i)-(v) (see Figs. 1b, 2 and Supplementary Video). Crucially, the time series of the force exerted on the tracer highlights that its dynamics can be resolved as a sequence of individual scattering events, in which only two-body tracer-swimmer interactions are relevant (see Fig. 3a ). In the kinetic theory of gases, a similar description in terms of binary scattering events is ensured by requiring
, where r c denotes the range of the interparticle interaction force. Even though for long-range hydrodynamic forces an interaction range cannot be well defined, in our system we define r c as the maximum of the characteristic length scales available: r c ≡ max{d, b*} = d. The motivation behind this definition of r c is two-fold. First, the dilute condition ρd 3 ≪ 1 is indeed realized in experiments that exhibit features (i)-(v) (for example, ρd 3 ≈ 0.15 in ref. 10 and ρd 3 ≈ 0.10 in ref. 5 ). Second, this parameter regime allows a self-consistent description of the tracer dynamics, in which the dipole interaction governs the displacement statistics on short and intermediate timescales, whereas the statistics for longer times reverts to a Gaussian owing to the CLT, as described in the following.
In a dilute system defined in this way, at every instant in time, swimmers on average have b ≫ d, where b is the impact parameter of a binary swimmer-tracer interaction (see Fig. 1c ). The tracer statistics will then be governed by three distinct dynamical regimes: (I) For short times Δt ≪ τ H ≡ b*/v A , where τ H is the timescale below which the motion of the swimmers is effectively negligible, the tracer experiences static long-range forces as in the Holtsmark theory 25 (Holtsmark regime). (II) For times τ H ≪ Δt ≪ τ C , the tracer is displaced by the moving swimmers in a sequence of binary 'scatterings' governed by the far-flowfield interaction force (2) (scattering regime). The timescale τ C ≡ 1/ (ρv A πd 2 ) (see Fig. 1c ) thus estimates the time necessary for a swimmer to come close enough to the tracer to interact via hard-core and nearfield hydrodynamic interactions. (III) For Δt ≫ τ C , the tracer is displaced by an accumulation of these 'collisions' with the swimmers, so the CLT applies (CLT regime). 
Article
Remarkably, these three regimes are captured by a coarse-grained description of the tracer dynamics in terms of the Langevin equation
where N(t) is the number of scattering events up to t and f b (t) is the force shape function (FSF) describing the force exerted on the tracer during each scattering, which is characterized by the impact parameter and injection angles (combined as b; see Figs. 1c, 3b) . The FSF is centred at the scattering time point τ i , which is set by the condition ni ⋅ r i = 0 for the ith swimmer. The transition from the fully deterministic dynamics of equations (1) and (2) to a stochastic description by equation (3) is realized by assuming N(t) to be a Poisson process with intensity λ(b), whose functional form can be determined from the microscopic dynamics by assuming a uniform distribution of swimmers in the box and an isotropic distribution of swimming directions (see Supplementary Information section II A) . The FSF f b (t) is obtained by solving the binary swimmer-tracer scattering problem. Remarkably, for b ≫ b* an analytical approximation of the FSF can be obtained using a Picard iteration up to second order and subsequent Taylor expansion (see Supplementary Information section II B-D), which is in very good agreement with the numerical simulations (see Fig. 3c ). The total intensity of the process diverges in the large-system-size limit L → ∞ because
. Consequently, X(t) is a coloured Poisson process with infinite intensity, a generalization of the Campbell process 29 . Rather than being unphysical, this infinite intensity is a physical consequence of the long-range hydrodynamic interactions, which cause an infinite number of small scatterings at arbitrarily large distances.
From equation (3) we calculate the statistics of the tracer displacement in the x direction, ΔX ≡ e x ⋅ [X(t + Δt) − X(t)] (e x , unit vector), which is typically measured in experiments 4, 6, 9, 10 . Using functional techniques (see Supplementary Information section III), we derive the displacement probability density function P Δt (|ΔX|) and obtain its scaling behaviours in regimes (I)-(III) as Δt/ H = 10 0
Δt/ H = 10 1 Δt/ H = 10 2 Δt/ H = 10 3 Δt/ H = 10 4 Δt/ H = 10 5 Δt/ H = 10 6
Δt/ H generalization of the standard random-walk model to power-law-distributed jump sizes, which can capture long jumps in a single time step (see Supplementary Information section IV). If confirmed experimentally, our framework would provide the first validation of this model using physical microscopic dynamics. In the collision regime (III), collisions become dominant over scatterings. Because collisional impact has a finite cutoff, the accumulation of a sufficient number of collisions leads to the Gaussian tail as a consequence of the CLT. We note that the detailed form of F in equation (2) . The striking non-monotonic behaviour of the scaling exponents of P Δt predicted by equation (4), as well as the data collapse, and the scalings for both the MSD and NGP are confirmed by simulations (see Fig. 2 ).
Our theory can be extended to incorporate thermal fluctuations and more general hydrodynamic forces in arbitrary dimensions. Under thermal noise, the scaling predictions of equation (4) and of the NGP are preserved, whereas the MSD is shifted by a term of 2D 0 Δt, where D 0 = k B T/Γ, T is the temperature of the bath and k B is the Boltzmann constant (see Supplementary Information section III A, B). Interestingly, there is no data collapse for the MSD or the NGP in this case. Therefore, the presence of data collapse can be considered as a footprint of the relevance of thermal fluctuations on the tracer dynamics. Moreover, our analysis shows that whereas α H is universally determined by the leading power-law exponent of the hydrodynamic interaction force, the exponent α S depends crucially on the details of the force law (see Supplementary Information section III C). We find in D dimensions that α H = 1 + D/n H , where n H is given by F r ∝ 1/ n H , and α S = 1 + (D − 1)/n S , where n S is related to the net tracer displacement during a scattering event as
S and is thus determined by the geometry of the particle loops.
In the scattering regime, the tracer is characterized by an MSD that is linear with time and has non-Gaussian displacement statistics, an example of 'Brownian, yet non-Gaussian' diffusion, which is widely observed in non-equilibrium systems 31 . Although this behaviour poses considerable challenges for purely phenomenological modelling approaches 32 , here it is fully captured by process (3), which is derived using microscopic dynamics. Moreover, our results pose interesting biological questions about the possible foraging behaviour of real swimming microorganisms such as C. reinhardtii. The power-law tail in equation (4) persists for longer timescales when the swimmer density ρ decreases, because τ C ∝ 1/ρ. Given that Lévy flights increase the encounter probability in stochastic search 12, 33, 34 , our results suggest that the foraging strategy of swimming microorganisms might depend on ρ: for large ρ the Gaussian (spatially localized) displacements of nutrients make an active search, such as an intermittent Lévy-Brownian strategy 35 , suitable. Conversely, at low ρ the nutrients exhibit large power-law-distributed displacements, such that it might be advantageous for the forager to simply wait for a nutrient to come close. Finally, we remark that superimposing additional force fields, such as electric or magnetic forces, can be treated within our framework in full analogy to hydrodynamic interactions, which would allow the theoretical investigation of mechanisms that control and exploit enhanced diffusion.
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